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Introduction

Let H be a Hopf algebra with bijective antipode S and «, 5 € Autgops(H).
We introduce the concept of an («a, 3)- Yetter—Drinfeld module, as being a left
H-module right H-comodule M with the following compatibility condition:

(h . m)(o) (%9 (h . m)(l) = hoy - m(o) (024 ﬂ(hg)m(l)oz(sil(hl)).

This concept is a generalization of three kinds of objects appeared in the liter-
ature. Namely, for @ = 8 = idp, we obtain the usual Yetter—Drinfeld modules;
for « = S%, 3 = idg, we obtain the so-called anti-Yetter-Drinfeld modules,
introduced in [7], [8], [10] as coefficients for the cyclic cohomology of Hopf al-
gebras defined by Connes and Moscovici in [5], [6]; finally, an (idg, §)-Yetter—
Drinfeld module is a generalization of the object Hg defined in [4], which has
the property that, for H finite dimensional, the map 3 — End(Hg) gives a
group anti-homomorphism from Aut g, (H) to the Brauer group of H.

It is natural to expect that («, 8)-Yetter—Drinfeld modules have some proper-
ties resembling the ones of the three kinds of objects we mentioned. We will see
some of these properties in this paper (others will be given in a subsequent one),
namely the ones directed to our main aim here, which is the following: if we de-
note by g YD (a, 3) the category of (a, 3) - Yetter-Drinfeld modules and define
YD(H) as the disjoint union of all these categories, then we can organize YD(H)
as a braided T-category (or braided crossed group-category, in the original ter-
minology of Turaev, see [16]) over the group G = Autpepr(H) X Aut gops(H)
with multiplication (a, 8) * (7,6) = (a7, 5y~ 13v). We also prove that the sub-
category YD(H)q consisting of finite dimensional objects has left and right
dualities, and that, if H is finite dimensional, then YD(H) coincides with the
representations of a certain quasitriangular T-coalgebra DT (H) that we con-
struct.

Our second aim is to prove that, if «, 8 € Autpops(H) such that there exists
a so-called pair in involution (f,g) corresponding to («,3), then gD (a, B)
is isomorphic to g YDH. This result is independent of the theory concerning
YD(H), but we can give it a very short proof using the results obtained during
the construction of YD(H).

1. Preliminaries

We work over a ground field k. All algebras, linear spaces, etc. will be over k;
unadorned ® means ®y. Unless otherwise stated, H will denote a Hopf algebra
with bijective antipode S. We will use the versions of Sweedler’s sigma notation:



Vol. 158, 2007 GENERALIZED (ANTI) YETTER-DRINFELD MODULES 351

A(h) = h1 ® hy or A(h) = h(1) ® h(z). For unexplained concepts and notation
about Hopf algebras we refer to [11], [12], [13], [15]. By «, 3,7 ... we will usually
denote Hopf automorphisms of H.

Let A be an H-bicomodule algebra, with comodule structures A — A ® H,
a+— aco> ®aci> and A — H® A, a— a_1) ® ajg], and denote, for a € A,

a{-1y @ ago} ® a1} = a<o>_y) @ A<0>p @ a<1> = A[-1] @ A[o] o> D Af0],>

as an element in H ® A ® H. We can consider the Yetter—Drinfeld datum
(H,A,H) as in [3] (the second H is regarded as an H-bimodule coalgebra),
and the Yetter-Drinfeld category aYD(H ), whose objects are k-modules M
endowed with a left A-action (denoted by a®m +— a-m) and a right H-coaction
(denoted by m + m o) ®m1)) satisfying the equivalent compatibility conditions

(1.1) (a-m) ) ® (a-m)) = agy -m) @ apymyS~ (ag-1y),

(1.2) a<o> - M) @ a<1>m1y = (ajo) - M)y @ (ag] - M) (1)a-1j,

foralla € A and m € M.

Recall now from [9] the construction of the (left) diagonal crossed product
H* <1 A, which is an associative algebra constructed on H* ® A, with multipli-
cation given by

(1.3) (pr<a)(g>ab) =plag_1y = g+~ 571(a{1})) > aoyb,

for all a,b € A and p,q € H*, and with unit ey <1 14. Here — and < are the
regular actions of H on H* given by (h — p)(l) = p(lh) and (p — h)(1) = p(hl)
for all h,l € H and p € H*.

If H is finite dimensional, we can consider the Drinfeld double D(H), which
is a quasitriangular Hopf algebra realized on H* ® H; its coalgebra structure is
H*°P @ H and the algebra structure is just H* > H, that is

(1.4) (peah)(go<l) =p(hy — q — 5" (hs)) < hal,

for all p,q € H* and h,l € H.
The diagonal crossed product H* <t A becomes a D(H )-bicomodule algebra,
with structures

H*<A— (H'<A)QDH), ptar (p2Xacos)® (p1 Q ac1s),
H >~xA—-DH)® (H " ><A), p<xa— (p2®a[,1])®(p1 D<1a[0]),

for all p € H* and a € A, see [9].



352 F. PANAITE AND M. D. STAIC Isr. J. Math.

In the case when H is finite dimensional, by results in [1], [3] it follows that
the category AJ}D(H)H is isomorphic to the category gxpqaM of left modules
over H* 1 A.

2. (a, f)-Yetter—Drinfeld modules

Definition 2.1: Let o, € Autpmops(H). An («,3)-Yetter-Drinfeld module
over H is a vector space M, such that M is a left H-module (with notation
h®m — h-m) and a right H-comodule (with notation M — M ® H,
m +— mg) ® m(y)) with the following compatibility condition:

(2.1) (h-m)@) ® (h-m))y = ha - m) @ B(hs)maya(S~" (h1)),

for all h € H and m € M. We denote by gYD(a, 8) the category of (a, 3)-
Yetter—Drinfeld modules, morphisms being the H-linear H-colinear maps.

Remark 2.2: As for usual Yetter—Drinfeld modules, one can see that (2.1) is
equivalent to

(22) hy - mo) X ﬂ(hg)m(l) = (hg m)(o) X (hg ~m)(1)a(h1).

Example 2.3: For a = 3 = idg, we have gD (id,id) =5 YDH, the usual
category of (left-right) Yetter—Drinfeld modules.

Example 2.4: For a = S?, 3 = idy, the compatibility condition (2.1) becomes
(2.3) (h- m)(o) ® (h- m)(l) =hgy - m) @ hgm(l)S(hl),

hence g YDH (52, id) is the category of anti-Yetter-Drinfeld modules defined in
(7], [8], [10].

Example 2.5: For € Autpops(H), define Hg as in [4], that is Hz = H,
with regular right H-comodule structure and left H-module structure given by
h-h' = B(ha)h'S7Y(hy), for all h,h/ € H. It was noticed in [4] that Hj satisfies
a certain compatibility condition, which actually says that Hg € gy YD (id, 3).
More generally, if a, 8 € Autpopr(H), define H, g as follows: H,p = H,
with regular right H-comodule structure and left H-module structure given
by h-h' = B(ha)Wa(S™1(h1)), for h,h’ € H. Then one can check that
Huﬁ € HyDH(Oz,ﬁ).
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Example 2.6: Take an integer | and define oy = S? € Autpops(H). The
compatibility in gYDH (52 id) becomes

(2.4) (h . m)(o) & (h . m)(l) =hy - me) @ h3m(1)52l71(h1).

An object in gD (S?'id) will be called an | — YD-module. Hence, a 0 — YD-
module is a Yetter—Drinfeld module and a 1 — YD-module is an anti-Yetter—
Drinfeld module. The right—left version of [ — YD-modules has been introduced
in [14].

Example 2.7: Let o, f € Autpopr(H) and assume that there exist an algebra
map f: H — k and a group-like element g € H such that

(2.5) a(h) = g7 f(h)B(ha) f(S(hs))g, Vh e H.

Then one can check that k& €5YDH (o, 8), with structures h -1 = f(h) and
1 — 1®g. More generally, if V' is any vector space, then V &€ HyDH(a,ﬂ),
with structures h-v = f(h)vand v— v ® g, for all h € H and v € V.

Definition 2.8: If o, § € Autpops(H) such that there exist f, g as in Exam-
ple 2.7, we will say that (f,g) is a pair in involution corresponding to («, )
(in analogy with the concept of modular pair in involution due to Connes and
Moscovici) and the («, §)-Yetter—Drinfeld modules k& and V' constructed in Ex-
ample 2.7 will be denoted by sk9 and respectively V9.

As an example, if o € Autpopr(H), then (g,1) is a pair in involution corre-
sponding to («, ).

Let o, 8 € Autpops(H). We define an H-bicomodule algebra H(a, ) as
follows; H(«, ) = H as algebra, with comodule structures

H(a,ﬁ) — H® H(a,ﬁ), h— h[,l] & h[()] = Oé(hl) ® ho,

H(Oé,ﬁ) - H(O{,ﬁ) ®Hah — h<0> ® h<1> = hl ®ﬁ(h‘2)
Then we can consider the Yetter—Drinfeld datum (H, H(«, (), H) and the
Yetter-Drinfeld modules over it, g(q,5YD(H)".

PROPOSITION 2.9: g YD (o, ) =p(a,5) YD(H).

Proof: 1t is easy to see that the compatibility conditions for the two categories
are the same. |
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In particular, the category of anti-Yetter—Drinfeld modules coincides with
H(s2,ia) YD(H )#, which improves the remark in [7] that anti-Yetter-Drinfeld
modules are entwined modules.

Consider now the diagonal crossed product A(a, 3) = H* <t H(av, 3), whose
multiplication is

(2.6) (peah)(gal) = plalhy) = q— S (B(h3))) < hal,

for all p,q € H* and h,l € H. For a = 8 = id we get A(id,id) = D(H); for
a = 5% and (3 = id, the multiplication in A(S?,id) is

(2.7) (o< h)(gal) = p(S*(h1) = q = 571 (hs)) b hal,

hence A(S?,id) coincides with the algebra A(H) defined in [7].

Assume now that H is finite dimensional; then A(a, 3) becomes a D(H)-
bicomodule algebra, with structures
H* >4 H(a, 8) — (H" > H(er, 3)) @ D(H),p > h — (p2 > h1) @ (p1 @ B(h2)),
H* > H(a,8) = D(H)® (H* >t H(t, 8)),p><h — (p2 @ a(h1)) ® (p1 < ha).
In particular, A(H) becomes a D(H )-bicomodule algebra, improving the remark
in [7] that A(H) is aright D(H)-comodule algebra. Since H is finite dimensional,
we have an isomorphism of categories H(a,ﬁ)yD(H)H ~HesaH(a,8)M, hence
gYDH (o, B) ~ HesaH (a,3)M (for a = S2, B = id we recover the result in [7]
that the category of anti-Yetter-Drinfeld modules is isomorphic to 4(z)M). The

correspondence is given as follows. If M € gYD (a, 3), then M € H*saH (a,3) M
with structure

(p>h)-m = p((h-m)u))(h-m)q-

Conversely, if M €ppapi(a,p) M, then M € YD (a, B) with structures
h-m= (s h)-m,
m— mgy @may = (' =<1)-m®e;,

where {e;}, {e‘} are dual bases in H and H*.

3. A braided T-category YD(H)

Let «, € Autmops(H) and consider the objects Ho, Hg as in Example 2.5. In
[4] was considered the object M = H, ® Hg, with the following structures:

h-(z®y)=h-z@alhs)-y,
TRy (11 ®y1) ® Yo,
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for all h,x,y € H, where by - we denoted both the actions of H on H, and Hg
given as in Example 2.5. Then it was noted in [4] that M satisfies a compatibility
condition which says that M € gYD (id, Ba).

On the other hand, it was noted in [7] that the tensor product between an
anti-Yetter—Drinfeld module and a Yetter—Drinfeld module becomes an anti-
Yetter—Drinfeld module.

The next result can be seen as a generalization of both these facts.

PROPOSITION 3.1: If M € gYDH(a,3), N € gYDH(v,6), then M @ N €
YD (ary, 5771 37), with structures

h-(m@n)=~(hi)-m@y~ By(hg) - n,
men— (m® n)(o) ®(Mm® n)(1) = (m(o) ® n(O)) @ mn(ym(1)-

Proof: Obviously M ® N is a left H-module and a right H-comodule. We
check now the compatibility condition. We compute

(h-(m®@n))e) @ (k- (m&@n))a)

=(y(h1) - m @77 By (h2) - n) g @ (v(ha) - m @y By (ha) - n)
:((’Y(hl) 'm)(o) ® (7_157(]12) : n)(O)) ® (7_157(]12) : n)(1)('7(h1) ’ m)(1)
=(y(h)2 - mo) ® v By (h2)2 - (o))

@ 6(y By (h2)3)nayy(S™H (v By (ha)1))B(v(h1)s)mya(S™ (v (hi)1))
=(v(h2) - my ® v By(hs) - (o))

® 67 By (he)ny By(S ™ (ha)) By (hs)mye( S~ (v(R1)))
=(v(h2) - m@y ® 7 By(h3) - noy) @ 57 By(ha)nymayay (S~ (ha))
=hs - (m(0) ® () @ 67" By(hs)ngymyay(S~ (b))
=hy - (m @n) ) @6y~ By(hs)(m @ n)qyay (S~ (h)),

that is M ® N € gD (ary, 5y~ 1 37). ]

Note that, if M € gYD"(a,B), N € gYDH(v,0) and P € gYDH (u,v),
then (M ® N) ® P =M ® (N ® P) as objects in gYD (ayu, vu= 0y~ Bypu).
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Denote G = Autgops(H) X Autpopr(H), a group with multiplication

(3.1) (, B) * (7,0) = (ay, 67~ By)
(the unit is (id,id) and (a, )~ = (a1, a7 ta™t)).
PROPOSITION 3.2: Let N € gYDH (v,6) and (o, ) € G. Define (“AN = N
as vector space, with structures
h—n=y"Bva (h) -,
n e negs ®nas =ng) © af” (ng)).

Then

@AN e gD (aya™, a0y Bya™t) =5 YD (o, B) * (7,6) * (o, B)71).

Proof: Obviously (»# N is a left H-module and right H-comodule, so we check
the compatibility condition. We compute

(h = n)<o> @ (b = n)<1>
= (v "Byt (h) - n) ) @ af (v By (h) - n) )
=71 Bya (ha) ey @ aBTH (6 Bya (ha)nyyy T Bra (ST (M)
=y""Bya " (he) - ney @ aB” 6y Bya (hs)aB T (ngay)aya T (ST (ha))
= hy = n) © a6y fya (ha)ncasaya (ST (M),

that is (“ON € yYDH (aya™', af~ 16y Byar). |

Remark 3.3: Let M € yYD(a,8), N € yYDH(v,6) and (u,v) € G. Then
we have

(0B)=(m) N —(08) () v

-1,—1

as objects in gD (apuyu=ta=t aB v~ oy top T Buyp !

a™1), and

(1) (M ® N) =) pr @) N

Loy B tvaryp ).

PROPOSITION 3.4: Let M € gYDH(a,3) and N € rYDH(v,§). Define
MN =(@8) N as object in g YD (v, B) * (7,0) * (o, 3)~1). Define the map

as objects in gYDH (uaryu~

CM,N: Me N —M N®M,CM7N(m®n) = n(0) ®ﬁ_1(n(1)) - m.
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Then cpr,n is H-linear H-colinear and satisfies the conditions:

3.2) cmen,p = (cpyvp ®@idy) o (idy ® cn,p),

(33) CM,N®P = (idMN (024 CMyp) o (CM,N ® de)

(for P € yYDH (u,v)). Moreover, if M € yYDH(a,8), N € gYDH(v,5) and
(M, l/) € G, then C(uw) M,(m») N = CM,N -

Proof: 'We prove that cpys v is H-linear. We compute

ey, N (h-(m ®n))
=cu,n (y(ha) - m @y~ By (he) - n)
=(y "B (h2) - n) 0y ® B ((v ' By(h2) - n) 1))y (ha) - m
:7*157(’12)2 “N0)
OO BY(h2)s)nyy(STH(Y T By (h2))1))) v (ha) - m
=y 157(’1 ) - no) @ B0y By (ha) B (ny)V (ST (he))y(ha) - m
=77 By(h1) - ) @ B 16y By (he) B (nyy) - m

h-cun(m@n) =h-(ng @B (n))-m)
=a(h1) = ney @ o 'af 6y Bya ta(he) B (ngy) - m
=y Bya (b)) @ BTy By(he) B (ngry) - m
=51 By(h) - ngy @ B0y By(he) B () - m,

so the two terms are equal. The fact that cys v is H-colinear is similar and left
to the reader. We prove now (3.2). First note that, due to Remark 3.3, we have
M(Np)y=MaNp and M(N @ P) = MN @™ P. We compute
(CMpr ®idy)o(idy ® chp)(m RN p)

=cuvp(m®pe) ®6 (pay) - n

= P(0)co> @B (P0)<1n) M@ (D)) -

= Py @ B0 (p(0),) - m @0 (py) -

=poy) @ B0 (py,) - m @8 Hpay,) -,
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cmen,p(m ®n @ p)
=poy) @7 B8 p)) - (m @ n)
=po) @y B0 (py,) - m @y By B Hpay,) -
=po) ® B0 (pay,) - m @6 (pay,) - n,

and we are done. The proof of (3.3) is easier and left to the reader, and similarly
the last statement of the Proposition. |

Note that car,n is bijective with inverse cﬁN(n(@m) = 871(S(n)))-m@n o).

We are ready now to introduce the desired braided T-category (we use ter-
minology as in [18]; for the subject of Turaev categories, see also the original
paper of Turaev [16] and [2], [17]).

Define YD(H) as the disjoint union of all z YD (a, 3), with (a, 3) € G (hence
the component of the unit is just gYD). If we endow YD(H) with tensor
product as in Proposition 3.1, then it becomes a strict monoidal category with
a unit k£ as an object in yYDH (with trivial structures).

The group homomorphism ¢: G — aut(YD(H)), (o, B) — ©(a,8), is given on

components as

Clap): YD (7,8) =1 YD ((ar, B) * (7,8) * (e, B) 1), P(an,py (N) = (PN,

and the functor ¢4 ) acts as identity on morphisms. The braiding in YD(H)
is given by the family {cas,n}. As a consequence of the above results, we obtain

THEOREM 3.5: YD(H) is a braided T-category over G.

We consider now the problem of existence of left and right dualities.
PROPOSITION 3.6: Let M € gYDH (a,3) and assume that M is finite dimen-
sional. Then M* = Hom(M, k) becomes an object in gD (a™!, afta™1),
with (h-f)(m) = f((8~'a""S(h))-m) and fo)(m)® fa) = f(m@) @S~ (m)).
Moreover, the maps by: k — M @ M*, byr(1) = Y. e; ® et (where {e;} and
{e'} are dual bases in M and M*) and dy;: M* @ M — k, dp(f @ m) = f(m),
are morphisms in gYDH and we have (idy ® dar)(by @ idy) = idyr and
(dar @ idar=)(idar @ bar) = idas- .

Proof: We first prove that M* is indeed an object in gD (a1, a3 ta™1).
We compute:

(h- oy(m) @ (h- f)ay = (h- f)me)) ® S~ (m))
= (B~ a718)(h) - mo)) ® S~ (mq)),
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(h2) - fo))(m) @ (@B~ ™) (hs)) fay (@™ 1S (hay)
=f(0) (ﬂ_lofls(h(z)) -m) @ (@B~ o™ (hea) fay (@™ ST ()
=f((B7 a1 8) (b)) - m) o)) @ (B~ a ™ (3)))
x STH((B a7 9) (ki) - m)w)) (@™ ST H(h)))
=f((B7'a7'9)(hz) - mo)) @ (B~ o™ (hes)))
x 87 (a7 18) (he)may (@B~ ™) (hy)) (@™ S (b))
=f((B7 a1 8)(hz)) - mqoy) @ (B~ a™ ) (his) S~ (h(a)))S ™ (m1))
X a*l(h@)S*l(h(l)))
= (B~ a7 8)(h) - m)) @ S (mq)),

which means that
(h- o) @ (h-f)ay = (b - fo) ® (@B a ) (he)) fa) (@ S (hay)- i

On k we have the trivial module and comodule structure, and with these
k €gYDH. We want to prove that by and dps are H-module maps. We
compute:

(h b (1 Zel@)e
=2 a7l (hw) - @ ((@Ba™")(he) - ¢')(m)

= Ozil(h(l)) e X ei((ﬂflaflsaﬁafl)(h@)) . m)
—Za ) e ®e' (e S) (hz)) - m)

=a H(h)S(h)) - m

=e(h) Zei ® e'(m)

= (e(h)bar(1))(m),
dr(h- (f @m)) = du(e(hay) - f© B (b)) -m)

alh@y) - £)(B (b)) -m)

(B~ e Sa(h))B ™ (he) - m)
(B71(S(h1))h) - m)
=e(h)dy (f @ m).

= (o
f
f
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They also are H-comodule maps;

((bar(1)) 0y @ (bar (1)) (m) =D (ei) (o) @ (') (0)(m) @ (€") 1) (ex) )

= Z(ﬁ)(o) ® (") (mo)) ® S~ (m))(ei) )

=m() ® S~ (M), )ma),
= (bu (1) ® 1)(m),
du ((f ®m)(0)) ® (f ® m)1) = fr0)(m(0)) ® mq) fr)
= f(m()) ® mq), S~ (mqy,)
=du(f®m)® L.

Finally, the last two identities
(tdpr @ dpg) (b @ idpg) =idy and  (dar ® idag+)(idp @ bay) = idpg=
are trivial. [ |

Similarly, one can prove

PROPOSITION 3.7: Let M € g YD («, ) and assume that M is finite dimen-
sional. Then *M = Hom(M, k) becomes an object in gYDH (a™!,ap~ta™t),
with (h-f)(m) = [((8~ a8 (1))-m) and fi0)(m)& ) = £ (m(oy) S (mr).
Moreover, the maps bys: k —=*M®QM, by(1) = >, e'®e; and dp: MQ*M — k,
dyr(m ® f) = f(m), are morphisms in yYDH and we have

(dy @ idpr)(idyr @ bay) =idy and  (idvpys @ dpg) (b ® idspr) = idspg.

Consequently, if we consider YD(H) yq, the subcategory of YD(H) consisting
of finite dimensional objects, we obtain

THEOREM 3.8: YD(H)ysq is a braided T-category with left and right dualities
over G, the left (respectively right) duals being given as in Proposition 3.6
(respectively Proposition 3.7).

Assume now that H is finite dimensional. We will construct a quasitriangular
T-coalgebra over GG, denoted by DT (H ), with the property that the T-category
Rep(DT(H)) of representations of DT'(H) is isomorphic to YD(H) as braided
T-categories.
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For (o, 3) € G, the (a, #)-component DT'(H )4, 3) will be the diagonal crossed
product algebra H* <t H(a, ). Define

Ao, (v0): H > H((v, 8) % (7,0)) — (H* > H(er, §)) @ (H* > H(7,6)),
Aa,),(v,5) (P> ) = (p2 a1 v(h1)) @ (p1 >y~ By (ha2)).

One can check, by direct computation, that these maps are algebra maps, sat-
isfying the necessary coassociativity conditions.

The counit ¢ is just the counit of DT(H)(;q,qy = D(H), the Drinfeld double
of H.

For (a, ), (v,0) € G, define now

%) B 0 H(y,8) — H 2 H((0, §) * (7,6) % (@, B) ™),

Pl (peah) = po Bat saay ™ B y(h).

Then one can check by direct computation that these are algebra isomorphisms
giving a conjugation (that is they are multiplicative and compatible with the
comultiplications and the counit).

The antipode is given, for (a, 3) € G, by

Sta,p): H* > H(e, f) — H* > H((or, §)7),
S(a,p) (P> h) = (e af(S(h))) - (S (p) > 1),

where the multiplication - in the right hand side is made in H* < H((r, 3)71).
Finally, the universal R-matrix is given by

Ria), () = (> 87 (er) @ (¢ 1) € (H > H(a, B) ® (H* > H(y,6)),
for all (o, B), (v,6) € G, where {e;}, {¢'} are dual bases in H and H*.

Thus, we have obtained

THEOREM 3.9: DT(H) is a quasitriangular T-coalgebra over G, with structure
as above.

Moreover, the structure of DT(H) was constructed in such a way that, via
the isomorphisms gy (a,8) M =~ YD (o, 3) from Section 2, we obtain

THEOREM 3.10: Rep(DT(H)) and YD(H) are isomorphic as braided T-cate-
gories over G.
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Remark 3.11: From YD(H) (respectively DT (H)) we can obtain, by pull-back
along the group morphism Autgepr(H) — G, a +— (a,id), a braided T-category
(respectively a quasitriangular T-coalgebra) over Autpopr(H). If 7 is a group
together with a group morphism m — Autmeyr(H), by pull-back along it we
obtain a braided T-category (respectively a quasitriangular T-coalgebra) over

m. Quasitriangular T-coalgebras over such 7 have been studied by Virelizier in
[17].

4. The case of group algebras

The aim of this section is to describe YD(H) if H is the group algebra k[A] of
a group A.

First, it is well-known that Autgepr(k[A]) = Aut(A), the group of automor-
phisms of A. Let then o, 5 € Aut(A); an (a, §)-Yetter—Drinfeld module over
k[A] is a left A-module M with a decomposition M = &, , M, such that, for
all a,b € A, we have a - M, € Mg(aypa(a—1)-

If a,8,7,6 € Aut(A), M = @ocaMa € ya YD (a,3) and N =
@BocaNa € ) YDHA(7,5), then M @ N € 44 YDA (ary,577168y) with
action a- (m®n) =~(a) - m®@y~1By(a) n, foralla € A, m € M, n € N, and
decomposition M @ N = @ . 4 (Dpo—c Ma @ Np).

If a, 8 € Aut(A) and N = @, 4 Na € kYD (7,6), then (*AIN = N as
vector space, with action a = n =y~ !8ya~!(a) - n, for all a € A, n € N, and

acA

decomposition (“#I N = Daca Nsa—1(a)-
Let

M =P M, € yq YD (a,8) and N =P N, € YD (y,0);
acA beA

then the braiding cy,v: M ® N — MN @ M acts on homogeneous elements
m € M, and n € Ny, as cpr,n(m @n) = n® B71(b) - m, hence it sends M, @ N,
to Ny @ Mpgap—1(b-1)-

Let now M = @,c4 M. € k[A]ka[A] (a, B) finite dimensional. Since
S = S for k[A], we have that M* = *M, and it can be described as
follows: the action is (a - f)(m) = f(Bla"t(a"t)-m), foralla € A, f € M*,
m € M, and the decomposition is M* = @, 4(Mq-1)*.

Assume now that the group A is finite; we describe the structure of the
quasitriangular T-coalgebra DT (k[A]). We denote by {p,}aca the basis of the
dual Hopf algebra k[A]*, given by p,(b) = 04 for all b € A. If o, 8 € Aut(A),
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the component DT'(k[A])(a,p) is k[A]* ® k[A] as vector space, with multiplication

(pa ® b)(pc ® d) = 5aa(b),ﬁ(b)cpa ® bda

for all a,b,c,d € A; the unit is 1 =3 4 pa ® 1.
The structure maps of DT (k[A]) are given, for all «, 3,7,0 € Aut(A) and
a,be A, by

A(a,B),(v,6)(Pa @ b) = Z (pa ®7(b) ® (pe ® v~ By(b)),

cd=a
E(I)IL ® b) = 6(1,17
(7,6) _ 1 o1
(P(a,ﬁ)(pa & b) = Papg—1(a) @ QY I) 'y(b),
S(a.8)(Pa @ b) = Pap-1)a—18m) @ aB(b),

Riapy.r0) = D (0a® B (0) @ (pp @ 1).
a,beA

5. An isomorphism of categories YD (a,3) ~ gD in the presence

of a pair in involution

The aim of this section is to prove the following result.

THEOREM 5.1: Let o, § € Autpopy(H) and assume that there exists (f,g) a
pair in involution corresponding to (c,3). Then the categories gYDH (a, 3)
and g YDH are isomorphic.

A pair of inverse functors (F,G) is given as follows. If M € gYDH (a,p),
then F(M) € gYDH | where F(M) = M as vector space, with structures

h—m=f(B7(S(h1))B~" (ha) - m,

mi— megs @ meys = meg) @ myg

If N € gYDH | then G(N) € gYD(a,3), where G(N) = N as vector space,

with structures
h—n= f(hl)ﬁ(hg) ‘N,

n — n® & n) = ) ® n(1)g-

Both F and G act as identities on morphisms.

Proof: One checks, by direct computation, that F' and G are functors, inverse
to each other.
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Alternatively, we can give a very short proof using results from Section
3. By Example 2.7, we have pk9 € HyDH(a,B). By Proposition 3.6, we
get (;k9)* € gYDH((o, 3)71). Then, one can check that actually F(M) =
(1k9)* @ M €y YD and G(N) = (yk9) @ N €y YD (a,3). Also, one
can see that (k9)* ® k9 = k9 @ (4k9)* = k as objects in g YD, hence
F oG = GoF =id, using the associativity of the tensor product. |

As we have noted before, for any a € Autgops(H) we have that (¢,1) is a
pair in involution corresponding to («, «), hence we obtain

COROLLARY 5.2: gYVDH(a,a) ~ gYDH.

Also, as a consequence of the theorem, we obtain the following result (a right-
left version was given in [14]), which might be useful for the area of applicability
of anti-Yetter-Drinfeld modules:

COROLLARY 5.3: Assume that there exists a pair in involution (f,g) corre-
sponding to (S%,id). Then the category gy YD (S2,id) of anti-Yetter-Drinfeld
modules is isomorphic to g YD, and any anti-Yetter-Drinfeld module can be
written as a tensor product yk9 @ N, with N €g YDH,

Let again «, § € Autpops (H) such that there exists (f, g) a pair in involution
corresponding to (¢, ), and assume that H is finite dimensional. Then we know
that gD (o, 3) ~ H*paH(a,8) M, gYDH ~ p()yM, and the isomorphism
gYDH (o, 3) ~ gYDH constructed in the theorem is induced by an algebra
isomorphism between H* <1 H(«, 3) and D(H), given by

D(H) — H* = H(o, 8),p @ h = g~ = pa f(B7(S(h1))) 8" (ha),
H*>H(a,8) > D(H),p<th— g—pQ f(h1)B(h2).
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